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NOTICES

When Government drawings, specifications, or other data are
used for any purpose other than in connection with a definitely related
Government procurement operation,the United States Government there-
by incurs no responsibility nor any obligation whatscever; and the fact
that the Government may have formulated, furnished, or in any way sup-
plied the said drawings, specifications, or other data, is not to be re-
gardedby implication or otherwise as in any manner licensing the hold-
er or any other person or corporation, or conveying any rights or per-
mission to manufacture, use, or sell any patented invention that may in
any way be related thereto.

The information furnished herewith is made available for study
upon the understanding that the Government’s proprietary interests in
and relating thereto shall not be impaired. It is desired that the Jidge
Advocate (WCJ), Wright Air Development Center, Wright-Patterson Air
Force Base, Ohio, be promptly notified of any apparent conflict between
the Government’s proprietary interests and those of others.
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FOREWORD

Thies report was prepared by the Mavping and Charting Research
Labératory of the Ohio State University Research Foundation, under
USAF Contract No, AF 18(600)90, The contract was administered under
the direction of the Mapping a2nd Charting Branch, Photographic
Reconnaiseance Laboratory, Air Research and Development Command,
Wright-Patterson Air Force Base, Dayton, Ohio with Mr, D, L, Radcliffe,
Chief of the Mapving and Charting Branch, as Project Engineer,

Research and Develovment Order No, R683-44, "Charting, Aeron~
autical, Photogrammetry and Geodesy," and R683-58, "Aercnautical
Charting Systems," are applicable to this report,

This report is identified by the Chio State Research Foundation

as OSURF Technical Paper 156, Project 485.
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ABSTRACT

An analytical method of determining the exterior orientation
of a near-vertical photograph is described, The theory, computing
procedure, test results, and sample computations using fictitious
photographe are presented, It is concluded that the method is rapid
and méets practical accuracy needs for photographs oontaining tilts

up to three degrees,

PUBLICATION REVIEW
This report has been reviewed and is approved,

FOR THE COMMANDING GENERAL:

‘ackvl __S__b Dlitoc_

GORDON A, BLAKE
Brigadier General, USAF
Chief, Weapons Components Division
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Ve

EXTERIOR ORIENTATION OF NEAR-VERTICAL AERTAL PHOTOGRAPHS -
COMPUTATIONAL PROCEDURE AND ILLUSTRATED EXAMPLES

INTRODUCTION

The analytical method of determining the elements of exterior

orientation of an aerial photograph presented here is unique in that a
complete determination of tilt is made without computing the space
position of the photographic exposure station, Eliminating the necessi-
ty for the space position determination greatly simplifies the computing
procedure,

The theory for this method of determining tilt was developed by
Mr. W, O, Byrd and presented as part of Technical Paper No, 142,
"Some Elementary Aspects of Computational Problems of Photogrammetry,"
prepared at this Laboratory. In that paper hevdeveloped several methods
of determining the elements of exterior orientation and exposure station
position, or combinations of both. The test results and computational
procedures of these methods will be subjects for subsequent papers. In
this paper the theory presented by Mr., Byrd is restated.

The computational procedure for the method presented here is
shown as a computing form. Sample computations, fictitious photographs

for test purposes, and a guide form indicating all computing operations
are included.

WADC TR 52-95 v
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SECTION I
THEORY

1.1 A restatement of the theory pertaining to this method of tilt
analysis is required for a thorough study of the computational pro-

cedure and final results. The evolution of the theory and the equations,
as presented here, have been taken directly from Technical Paper No., 142
by Mr, W, O, Byrd of this Laboratory.

1.2 The direction cosines relating the photographic coordinate system
with the ground coordinate system are tabulated as follows:

co8 x cos y cos 2
X o, n, k1
Y m, n, lc:z
Z m, n, ka

These nine elements comprise the basic concept governing the orientation

between the two coordinate systems.

1.3 Consider now a directed line, ?1-.., that intersects the ground plane
at point P(IP, YP’ ZP), the photo plane at p(xp, yp) , and the exposure
station at L(XL, YL’
respect to each coordinate system are expressed as follows:

ZL). Then the direction cosines of this line with

with respect to the Ground System
cos X cos Y cos Z

FL Py P, P,

with respect to the Photographic System

cos x cos y cos 2

PL P P, P,

WADC TR 52-95 :



where

Py = == =mp, + n;p; + k5P,
P, = AF . m,p, + ngp; + kpp, (1-1)

Py= =L -np, +np, vk

3p3

P, ® "‘;—%‘ mPy + mpP, + myP,

(1-2)

e

=nP, +nP, +n,P

£

1L From the above relationships, equations may be written for the
determination of either the photographic coordinates or the ground
coordinates in terms of the other coordinate system and the nine direction
cosine elements. By ratioing, substituting, and reducing the above
relationships, the photographic coordinates are expressed thus,

fz.ulxp+m,IP+m3ZP+m‘
£ IkXp + k¥p + kyZp + kg,

(1-3)
mXp + npYp + nglp + ng
kXp + kYp + kaZp + kg

.
f

WADC TR 52-95 2



1A

where
mg = - (X + mp¥; + myZ;)
n, = - (nle + nY; + nazl..)
ky = = (kle + kY + kSZL) .
Rewriting the above equations, we have.

mle + mpY¥p + mszp + o+ ;% (Ip xp)

kz k3 k4
+-f-(xp Yp) +-T-(xpzp)+-1.-xp- 0 (I-LY

m,Xp + n¥p + n2p + n, + ?‘ (vpXp)
X K
PR T e F ) s P -0, (1-5)

1.5  In order to eliminate m, and n , substitute into I-L and I-5
the coordinates of two points, lLet the ground coordinates of the
points be A(X 2 Y A2 Z A) and B(lB, 15, ZB), and the photographic
coordinates are then a(x,, y,) and b(xy, yp). Subtracting the two
equations will form the following:

mx(xB"xA) + mz(YB"YA) + ma(zB“ZA)
I Ky

* 7 (qfp=xXy) + T (x¥5-x,Y,)
P

*T (xsz' vaA)

kq
+F (x-x,) =0 (1-6)

WADC v 52-95 3



and

m(Xg=Xy) + ny(Yg-T,) + ny(25-2,)

Ly ke
+ 3 kg ~v%y) + T (R¥g-7,aip)

ky

ke
+ 7 (plp=¥2,) +F (yp-vg) = 0.

w

Elinminating —fi by multiplying (I-6) by (y,-y,) and (I-7)
by (x,=-xg), then subtracting (1-7) from (I-6), we have

By (Y- ¥a) (Xg =Xy) + m (¥ -¥a)(Yp~ ¥))
+ . (yp- ¥a) (Zp=24) - ni(xp=x,)(Xg=X,)
=0 (x v x ) (Y5~ T,) - ny(x,=x,)(25-2,)
+ -:.3(&% *XY,) (Xp-X,)

k

*T (xghy-xa) (-1

k
*"1'3' (xa7p= 7p¥a) (25=24) = 0 .

(1-7)

-4

(1-8)

1.6 For near-vertical photography, the elements of exterior orienta-

tion are defined as
(a-8) =180 + B

ty
Yy
where
L t,an-.1 :‘I
tx
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then, the nine direction cosines relating the coordinate systems in
terms of the small angles B, t,, and t.y are determined and tabulated

thus,
Near Vertical

(a-8) =180 + 8

cos x cos 7 cos
X +1-E;--5':— +p--t9§-[ tty + Py
ro-p-2X +1-§-1§- vty =Bt
t -y ~u -

The complete derivation for each of these elements to terms of the

second order is shown in Technical Paper 142, pages 111-112,
Substituting the near-vertical orientation elements in equation I-8,

grouping the first and second order terms, and letting
IAB = XB - XA

Yp=i-1,
Zyp =2 = %y
Xab * Xp = X
Yab " ¥b = Y3

Yab " Xa b < X Vg

WADC TR 52-95 5



gives the final equation as

Yab IAB
~(xgy Xyp ¥ Yap Tpp?P * (Xgp Zag * — T )%y

v, X\
o (2 - vab Zsp) Yy

* G Yp~Xap g * — 7 )+ G =0 (1-9)

where .
X w
o =+ (2 g - (R g

2
*+ (xg Ypp = Yap 5ap) 5

. (x. Y _ ¥ab I te

xa.b f 2
w.., 1 2
ab “AB

- (yap Xap *+ —) 5

+ (xap X;B - Yap Iap) 3%'1 .

The minimum data required to solve for #, t,, and ty is three control
points. Given the coordinates of these points, three linear non~
homogeneous equations can be formed from I-9 by letting G,, equal zero
in the first solution. If a second solution is required, the constant
terms in the equations can be corrected by using the first solution
values for B, t,, and ty and computing and applying Gg, as illustrated

in the appendix (page 17).

1.7 If desired, the space position of the exposure station can easily

be determined by the following sequence of equations:

WADC TR 52-95 6



my(- x5) + ny(= yp) + K f
ZL = ZP -‘P ml( -xp) -Q-nl(-yp) + kl £

(1I-10)

o ma("j) + ny(- }'p) tk,f

m(- xp) + n(-yp,) +k £

ZL-ZP"YP

Using the computed Zj the other coordinates of the exposure station

are then determined by

+
23

m, (- xp) + oy (- y'p) 2 f
X, = Xp ¢ (2, - 2p) my(= Xp) + ny{=y ) + Kk,

+
L |

(1-11)

+

m(- x0) ¢ ny(-¥p) + K £
I, =1, ¢ (Zy, - 2p) my(~ x,) + ny(- Yp) +if,

For any further investigation requiring the use of the photographs, it
will be necessary to compute the nine direction cosine elements from
the determined values of exterior orientation. Knowing these values,
the coordinates of the space position can readily be determined from
I-10 and I-11l, The equations for evaluating the nine cosines are

given on page 25 of Technical Paper No. 142,

WADC TR 52-95 7



SECTION II

FICTITIOUS PHOTOGRAPHS

2.1 In order to test this method for determining tilt, a set of three

overlapping fictitious photograpns were prepared, The overlapping
condition is not needed in this case, but was incorporated for use in
future tests, In Figure 1 the exterior orientation elements and space
position of each photograph are listed with a diagram showing the
approximate position of the computed photo points., 1In Table I the ground
coordinates and corresponding computed photographic coordinates of each

point are listed.

Photo 1 ff
t= 1° 00 X; = 15,000 e
8 = 60° 00 Y, = 15,000 x
a = 200° 0Of Z; = 20,000 .

Photo 2 js
t= 300 25, 000 )
s = 120° 00! Y = 14,900 +x
a = 260° 00 Z; = 20,100

Photo 3 "t
te STO0' X = 35,000 .
s = 120° 00" I, = 15,200 : >
a = 260° 0O! Z; = 20,200 :

Figure 1 - Orientation Elements and Exposure
Station Coordinates in Feet

WADC TR 52-95 8
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2.2 A focal length of 150 mm was used for all fictitious photo
computations, and the photo coordinates were computed by the method
presented in Technical Paper No. 34, "Fictitious Photographs for Research, ™

by W. O. Byrd of this Laboratory.

WADC TR 52-95 10



SECTION III

COMPUTING FORM

3.1 The final equation (I-9) on which this method is based can be
conveniently adapted to a computing form which clearly illustrates the

computing procedures., A form for the complete tilt determination is
shown in the appendix (page 17). 4s noted in the form, an attempt has
been made to place and group all values; tems, and operations in the

most advantageouns position for the computer's use.

3.2 Allbut oneof the computing operations are shown on the fomm.

This one exception, the solution of the three non~homogeneous linear
equations, can be accomplished by several different methods., In this
particular case, the solution was performed by determinants according .
to Cramer's rule, By this method the second solution values, as
indicated on the form, can be conveniently obtained and with a minimum
number of computing operations. In order to illustrate the method used
in solving the three operations, a guide form (on page 18) was prepared,
Since the camputing form indicates all other operations, the guide form,
in most cases, will be used by the computer only to become familiar with
the equation solution, However, all operations are shown on the guide

form,

3.3  According to the assumption (a - s) = 180 + B, angle P must be
small; therefore, it may be necessary to rotate the photo coordinates
through an angle 6., The angle 8 can be determined computationally or
graphically, whichever is preferred, and the rotation of coordinates is
then performed as indicated on the form. If © is determined graphically,

WADC TR 52-95 11



the plot can be used to check approximately the magnitude and sign of
the rotated photo coordinates, To determine 6 graphically, a plot of
the ground points, at some convenient scale, is prepared on wvallum or
tracing paper. On the photo, radial lines from the principal point are
drawn through the image points. The vellum plot of the ground points

is superimposed on the radial lines of the photo images; 6 is the angle

between the photo and ground x-axes,

-3
3.4  For convenience of computation, the factor of 10  was used.

Since each term of the basic equation (I-9) contains a ground coordinate
value, the introduction of this factor has no effect. Also, in the
formation of the three equations, the factor merely displaces the

decimal point in all terms.

WADC TR 52-95 12



SECTION IV

TEST RESULTS

L.l Computations were made for each of the three fictitious photo-

graphs, with angle 8 the same magnitude as the tilt; also, computations

were made for Photo 3a, with angle Bchanged to one degree.

A complete

set of computations are included in the appendix. The results of the

computations were tabulated as follows:

Actual Values

pg= 1° 00
t= 1° 00
s = 60° 00
a = 200° 00!
e = 39° 00

Actual Values

p= 300
t = 3. 00!
120* oo'

260° 00"

<]
n

©.= 37° 00t

Photo 1

Computed Values

First Second
Solution Error Solutione

0® 59.9* - 0.1t

0* 59.5* =~ 0.5
59* 39.1' - 20.9'
199® 39.,2' - 20,8

Photo 2
Computed Values

First Second
Solution &rror Solution®

3% 00.2" + Q.2 2® 59.8!

2° 57.60 - 2.l 2* 59.4¢
119° L3.8* - 16.2'  119° 59,2
259° L3.6* - 16,4 259° 59.4

#Second order term s_olution

WADC TR 52-95
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Error

Error
- 0.2
- 0,6!
- 0,8
- 0,6¢



Photo 3

Actual Values Computed Values
First Second
Solution Error Solution* Error
p= 5°00 L* 58.1* - 1.9 L® 59.4¢' - 0.6!
t= 5% 00 5° 29.1' + 29.1' L* 534 - 6.6'
s = 120° 00! 113° 35.1* + 6° 24.9' 117° Lo.0* - 2* 20,0
a = 260° 00! 253° 37.0' - 6° 23,0' 257° LO.6' - 2° 19.4
&= 37° oo
Photo 3a
Actual Values Computed Values
First Second
Solution Error Solution* Error
p= 1° 00 0* 57.0¢ - 3.0 1° 00,2 + o, 2¢
t= 5°00 5° 29.1'  +  29,1'  L® 534 - 6.6
s = 120° 00! 117° L1.6* - 2° 18.2¢ 120° 27.L4' + 27.4!
a = 260° 00' 257° LL.3? - 2° 15,2' 260° 27.2' + 27,2
8 = 39° 00!

#Second order term solution

WADC TR 52-95 14



In Table II only the errors of the final results are tabulated

for comparison.

Photo Actual Values Errors - Computed Values
p t s B t s
1 1* o0t 1° 0O 60* 00* - 0.1' =~ 0,5* - 20,9
2 3* o0t 3* oo 120° oot - 0,28 -0,6* - 0.8¢
3 5% 00 5% 00' 120° OOf - 0.6t =-6,6¢ - 2° 20,0
3a 1* 00' 5° 00' 120° 00! +0,2' =660 + 27

Table II - Errors in Final Results

Since ¢ (a = 180 + § + 8) is defined in terms of § and s,
the magnitude of.error in & will be the sum of errors in 3 and s,
Hence, in Iable II a was omitted,

WADC TR 52-95 15



SECTION V

CONCLUSIONS

5.1 The development of the general basic theory, which is presented
in Technical Paper No. 142, should be emphasized because of its

significant importance to research problems in which photographs are
used. In this particular case, the theory has given rise to a practical
and rapid analytical method of determining the photographic elements of

exterior orientation.

5.2 For photographs with tilts up to three degrees, as indicated by
the results snown in Table II, the method meets practical accuracy
needs for a determination of exterior orientation elements, Since the
majority of aerial photography flown today contains less than 3* 00!
and usually closer to 1°* 00' tilts, this method is applicable and will
prove to be a useful tool in photogrammetric research and mapping

problems.

AS.3 The time required for performing a complete solution, including

second order terms, is about two hours, However, due to the small
tilts in a majority of the photographs, the second solution will be

unwarranted and the computing time will be reduced considerably.

5.4 The results of Photo 3a show that an improvement of 4® 00' in
P angle has little effect on the resulting tilt angle, but does increase

the accuracy of the swing angle.

5.5 The method as presented does not provide a check on the compur
tations, However, the completed computations can be checked by sub-
stituting §, t., and Q, in the original equations.

WADC TR 52-95 16
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Washington 25, D,C,
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RAND Corporation
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